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Problem Set 3

This third problem set explores graph theory and mathematical logic. By the time you've finished it,  
you'll have a much better feel for graphs and will have a better handle on just what first-order logic  
means.

As always, please feel free to drop by office hours, ask questions on Piazza, or send us emails if you  
have any questions. We'd be happy to help out.

This problem set has 36 possible points.  It is weighted at 5% of your total grade.

Good luck, and have fun!

Checkpoint due Monday, October 13 at 2:15 PM

Assignment due Friday, October 17 at 2:15 PM



Write your solutions to the following problems and submit them electronically by Monday, October 13th at 
the start of class. These problems will be graded on a 0/1/2 basis based on the effort you have demon-
strated in solving all of the problems. We will try to get these problems returned to you with feedback on 
your proof style this Wednesday, October 15th.

Please make the best effort you can when solving these problems. We want the feedback we give you 
on your solutions to be as useful as possible, so the more time and effort you put into them, the better  
we'll be able to comment on your proof style and technique.

Checkpoint Problem: Ternary Conditionals (2 Points)
Many programming languages support a ternary conditional operator. For example, in C, C++, Java, and 
many other languages, the expression

x ? y : z

means “evaluate the boolean expression x. If it's true, the expression evaluates to y. If it's false, the expres-
sion evaluates to z.” 

In the context of propositional logic, we can introduce a new ternary connective ?: such that

p ? q : r

means “if p is true, the connective evaluates to the truth value of q, and otherwise it evaluates to the truth 
value of r.”

i. Write a truth table for the ?: connective.

ii. Find a propositional formula equivalent to p ? q : r that does not use the ?: connective. Justify 
your answer by writing a truth table for your new formula. This shows that adding the ?: connec-
tive to propositional logic does not enable propositional logic to express any concepts it couldn't 
already express.

It turns out that it's possible to rewrite any formula in propositional logic using only ?:, ⊤, and ⊥. The 
rest of this question will ask you to show this.

iii. Find a formula equivalent to ¬p that uses only ?:, ⊤, and ⊥. No justification is necessary.

iv. Find a formula equivalent to p ∧ q that uses only ?:, ⊤, and ⊥. No justification is necessary.

Because the remaining connectives (∨, →, and ↔) can be written purely in terms of ¬ and ∧, this means  
that any propositional formula using the seven standard connectives can be rewritten using only the three 
connectives ?:, ⊤, and ⊥.



The rest of these problems should be completed and submitted by Friday, October 17th.

Problem One: The Six-Color Theorem (5 Points)
In lecture, we talked about the four-color theorem, which says that every planar graph is 4-colorable. The 
proof of the four-color theorem is an incredible exercise in proof by cases, with computers automatically  
checking each case.

Although the four-color theorem required computers to prove, it's possible to prove a slightly weaker re-
sult without such aid: every planar graph is 6-colorable. This is called the six-color theorem.

Prove the six-color theorem. You may want to use the following fact, which you don't need to prove: ev-
ery planar graph with at least one node has a node with degree five or less (the degree of a node is the 
number of edges touching to it). You don't need to consider graphs with edges from nodes to themselves.

Problem Two: Tournament Cycles (5 Points)
Recall from Problem Set Two that a tournament graph is a directed graph with n ≥ 1 nodes where there is 
exactly one edge between any pair of distinct nodes and there are no self-loops.

Prove that if a tournament graph contains a cycle of any length, then it contains a cycle of length three.

Problem Three: Bipartite Graphs (5 Points)
In lecture, we saw planar graphs as one special class of graphs with nice properties. Another class of 
graphs called bipartite graphs are used extensively in computer science.

An undirected graph G = (V, E) is called bipartite if there is a way to partition the nodes V into two sets 
V₁ and V₂ so that every edge in E has one endpoint in V₁ and the other in V₂.

To help you get a better intuition for bipartite graphs, let's look at an example. Suppose that you have a 
group of people and a list of restaurants. You can illustrate which people like which restaurants by con-
structing a bipartite graph where V₁ is the set of people, V₂ is the set of restaurants, and there's an edge 
from a person p to a restaurant r if person p likes restaurant r.

Bipartite graphs have many interesting properties. One of the most fundamental is this one:

A graph is bipartite iff it contains no cycles of odd length.

Intuitively,  a  bipartite  graph contains  no odd-length cycles  because cycles  alternate between the  two 
groups V₁ and V₂, so any cycle has to have even length.

The trickier step is proving that if G contains no cycles of odd length, then G has to be bipartite. For now, 
assume that G has just one connected component; if G has multiple connected components, we can treat 
each one as a separate graph for the purposes of determining whether G is bipartite. (You don't need to 
prove this, but I'd recommend taking a minute to check why this is the case.)

Suppose G is a graph with no cycles of odd length. Choose any node v ∈ V. Let V₁ be the set of all nodes 
that are connected to v by a path of odd length and V₂ be the set of all nodes connected to v by a path of 
even length.

i. Prove that V₁ and V₂ have no nodes in common.

ii. Using your result from part (i), prove that if G has no cycles of odd length, then G is bipartite.



Problem Four: Simplifying Propositional Formulas (3 Points)
All of the following propositional formulas can be significantly simplified. For each formula, find the sim-
plest formula you can that's equivalent to it. Then, write a short proof explaining why your formula is 
equivalent. Do not use truth tables in your proof – instead, write an argument in plain English explaining  
why the two formulas must be equivalent.

You may want to use the truth table generator from the course website to check your work.

i. (p → q) ∧ (p → ¬q)

ii. (p → q) ∨ (q → r)

iii. (p ∨ q) → (p ∧ q)

iv. (p ↔ q) ↔ ¬p

Problem Five: Grouping and Distributing Quantifiers (2 Points)
Sometimes, multiple independent quantifiers can be collapsed together into a single quantifier. Below are 
four pairs of statements in first-order logic that may or may not be equivalent to one another. For each 
pair, decide whether they're always equivalent to one another, then justify your answer. We're not expect-
ing formal proofs here; instead, provide a short paragraph explaining your reasoning.

i. Is (∀x. P(x)) ∧ (∀x. Q(x)) equivalent to ∀x. (P(x) ∧ Q(x))? Briefly justify your answer.

ii. Is (∀x. P(x)) ∨ (∀x. Q(x)) equivalent to ∀x. (P(x) ∨ Q(x))? Briefly justify your answer.

iii. Is (∃x. P(x)) ∧ (∃x. Q(x)) equivalent to ∃x. (P(x) ∧ Q(x))? Briefly justify your answer.

iv. Is (∃x. P(x)) ∨ (∃x. Q(x)) equivalent to ∃x. (P(x) ∨ Q(x))? Briefly justify your answer.

Problem Six: 'Cause I'm Happy (3 Points)
Below are six statements in first-order logic. Each of these statements is one of two types:

• The statement means “either everyone is happy or no one is happy.”

• The statement is a tautology (it's always true regardless of who's happy and who isn't), as long as  
there is at least one person.

For each statement, determine which of the two types that statement is and write a short proof explaining 
why. Your proofs should definitely demonstrate why each statement is of the type you choose; for the pur-
poses of this problem, disproving that a statement is of one type is not sufficient to establish that it must  
be of the other type.

i. (∀x. Happy(x)) → (∃y. Happy(y))

ii. (∃x. Happy(x)) → (∀y. Happy(y))

iii. ∀x. (Happy(x) → (∃y. Happy(y)))

iv. ∃x. (Happy(x) → (∀y. Happy(y)))

v. ∀x. ∃y. (Happy(x) → Happy(y))

vi. ∃y. ∀x. (Happy(x) → Happy(y))



We will cover the material necessary to answer the remaining two
questions by the end of Monday's lecture.

Problem Seven: First-Order Negations (4 points)
For each of the first-order logic formulas below, find a first-order logic formula that is the negation of the 
original statement. Your final formula must not have any negations in it, except for direct negations of 
predicates. For example, the negation of the formula ∀x.  (p(x) → ∃y.  (q(x) ∧ r(y))) could be found by 
pushing the negation in from the outside inward as follows:

¬(∀x. (p(x) → ∃y. (q(x) ∧ r(y))))
∃x. ¬(p(x) → ∃y. (q(x) ∧ r(y)))
∃x. (p(x) ∧ ¬∃y. (q(x) ∧ r(y))
∃x. (p(x) ∧ ∀y. ¬(q(x) ∧ r(y)))
∃x. (p(x) ∧ ∀y. (q(x) → ¬r(y)))

Show every step of the process of pushing the negation into the formula (along the lines of what is done  
above). You don't need to formally prove that your negations are correct.

i. ∀p. ∀q. (p ∈ ℕ ∧ q ∈ ℕ ∧ q ≠ 0 → q × q × 2 ≠ p × p)
ii. ∀x ∈ ℝ. ∀y ∈ ℝ. (x < y → ∃q ∈ ℚ. (x < q ∧ q < y))
iii. (∀x. ∀y. ∀z. (R(x, y) ∧ R(y, z) → R(x, z))) → (∀x. ∀y. ∀z. (R(y, x) ∧ R(z, y) → R(z, x)))
iv. ∀x. ∃S. (Set(S) ∧ ∀z. (z ∈ S ↔ z = x))



Problem Eight: Translating into Logic (6 points)
In each of the following, you will be given a list of first-order predicates and functions along with an Eng-
lish sentence. In each case, write a statement in first-order logic that expresses the indicated sentence. 
Your statement may use any first-order construct (equality, connectives, quantifiers, etc.), but you must 
only use the predicates, functions, and constants provided.

i. Given the predicate

Natural(x), which states that x is an natural number;

 the function

Product(x, y), which yields the product of x and y;

and the constants 1 and 137, write a statement in first-order logic that says “137 is a prime num-
ber.” (A prime number is a number whose only positive divisors are one and itself.)

ii. Given the predicates

x ∈ y, which states that x is an element of y;
x < y, which states that x is less than y; and
Set(S), which states that S is a set,

along with the constant ℕ, which represents the set of all natural numbers, and the constant sym-
bol S, write a statement in first-order logic that says “S is an infinite set of natural numbers.” In 
other words, S is a set of natural numbers and contains infinitely many natural numbers.

iii. Given the predicates

Person(p), which states that p is a person;
Kitten(k), which states that k is a kitten; and
HasPet(o, p), which states that o has p as a pet,

write a statement in first-order logic that says “someone has exactly two pet kittens and no other 
pets.”

iv. Given the predicates

x ∈ y, which states that x is an element of y, and
Set(S), which states that S is a set,

write a statement in first-order logic that says “every set has a power set.”

v. Given the predicates

Lady(x), which states that x is a lady;
Glitters(x), which states that x glitters;
IsSureIsGold(x, y), which states that x is sure that y is gold;
Buying(x, y), which states that x buys y; and
StairwayToHeaven(x), which states that x is a Stairway to Heaven;

write a statement in first-order logic that says “There's a lady who's sure all that glitters is gold, 
and she's buying a Stairway to Heaven.”*

* Let's face it – the lyrics to Led Zeppelin's “Stairway to Heaven” are impossible to decipher.  Hopefully we can gain some 
insight by translating them into first-order logic!



Problem Nine: Course Feedback (1 Point)
We want this course to be as good as it can be, and we'd appreciate your feedback on how we're doing.  
For a free point, please answer the feedback questions available online at

https://docs.google.com/forms/d/1hb3ivcvKz2UFtdvhCYSrti9SCSGnKAwpMj6fQRUfxMY/viewform

We'll award full credit for any answers you give, as long as you answer all of the questions.

If you are working in a group, please have every member of the team fill this form out independently. We 
read over this feedback to get a sense for how to tune and improve the course, so any and all feedback is  
welcome.

Extra Credit Problem: Logical Incompleteness (1 Point Extra Credit)
In the checkpoint problem of this problem set, you saw that with the ternary conditional operator and the 
connectives ⊤ and ⊥, it is possible to express every possible propositional formula.

Prove that there is a propositional formula that cannot be written purely in terms of ↔, ⊤, and ⊥.

https://docs.google.com/forms/d/1hb3ivcvKz2UFtdvhCYSrti9SCSGnKAwpMj6fQRUfxMY/viewform

